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Abstract. We study compatible contact structures of fibered Seifert multilinks in ho- 
mology 3-spheres and especially give a necessary and sufficient condition for the contact 
structure to be tight in the case where the Seifert fibration is positively twisted. As a 
corollary we determine the strongly quasipositivity of fibered Seifert links in S 3 . We 
also study the compatible contact structures of positive cablings along links in any 3- 
manifolds. 



1. Introduction 

A contact structure on an closed, oriented, smooth 3-manifold M is the kernel of a 
1-form a on M satisfying a A da ^ everywhere. In this paper, we only consider a 
positive contact form, i.e., a contact form a with a A da > 0. W.P. Thurston and 
H. Winkelnkemper introduced the idea of a contact structure supported by an open book 
decomposition in [27] and this idea was developed by E. Giroux for studying plumbing 
construction of open book decompositions of 3-manifolds [10] (cf. [8]). In particular, 
he showed that contact structures supported by the same open book decomposition are 
contactomorphic. Instead of the terminology "supported", we will say that the contact 
structure is "compatible" with an open book decomposition and vice versa. 

The purpose of this paper is to give an explicit construction of contact structures com- 
patible with fibered Seifert links in homology 3-spheres. We hereafter use the terminology 
"fibered link" instead of "open book decomposition". Following the book of D. Eisenbud 
and W. Neumann [5], we denote a Seifert fibered homology 3-sphere as S(ai, • ■ ■ , a^), 
where a^'s are the denominators of the Seifert invariants. The Seifert fibration has differ- 
ent properties depending on the sign of the product a\a 2 ■ ■ ■ if a\a 2 • ■ • > then the 
fibers of the Seifert fibration are twisted positively, as those of the positive Hopf fibration, 
and if a x a 2 • ■ ■ < then they are negatively twisted. 

A Seifert link L in £(ai, ■ ■ • , a&) is an oriented link whose exterior admits a Seifert 
fibration. Every Seifert link is realized as a union of a finite number of fibers of the Seifert 
fibration. A multilink is a link each of whose link components is equipped with an integer, 
called the multiplicity. The sign of the multiplicity defines the orientation of that link 
component. A multilink is said to be fibered if its complement admits a fibration over 
S 1 with a finite number of leaves given by the multiplicity along each link component, 
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see Section 2 for their precise definitions. Note that a multilink is a usual link if all the 
multiplicities are in {—1, 1}. 

Now we assign an orientation to the fibers of Seifert fibration under the assumption 
a i fl 2 ' ' ' a k 7^ 0, which we call the orientation of the Seifert fibration. If the orientations 
of all the components of L coincide with, or are opposite to, the orientation of the Seifert 
fibration then we say that the orientation of L is canonical. 

In this paper we prove the following results. 

Theorem 1.1. Let L be a fibered Seifert multilink in S(ai, a2, • • • ,dk) with a\ • • • a& > 0. 
If the orientation of L is canonical then the compatible contact structure is Stein fillable. 
Otherwise it is overtwisted. 

The case a\a 2 • • • % < will also be discussed in this paper. As a consequence of our 
constructions in both cases, we determine the tightness of fibered Seifert links in S 3 . 

Theorem 1.2. Let L be a fibered Seifert link in S 3 = X^a^c^). Then the compatible 
contact structure of L is tight if and only if L is one of the following cases: 

(1) a\a 2 > and the orientation of L is canonical. 

(2) L is an oriented link described in Figure U\ with k > 1 . 



With a small additional effort, we can remove the fiberedness assumption by replac- 
ing 'tightness' into 'strongly quasipositivity', see Section 7 for the definition of strongly 
quasipositive links. 

Corollary 1.3. Let L be a non-splittable Seifert link in S 3 . Then, L is strongly quasi- 
positive if and only if it is in case (1) or (2) above, or in case (3) stated below: 

(3) L is a negative torus link consisting of even number of link components half of which 
have reversed orientation. 

Here a link L in S 3 is called splittable if S 3 \ L contains an incompressible 2-sphere. 
The only splittable Seifert links are trivial links with several components. 

The technique of cabling with contact structure can be used for studying cabling oper- 
ations along fibered links in arbitrary 3-manifolds. 

Theorem 1.4. Let L(m) be a fibered multilink in an oriented, closed, smooth 3-manifold 
M with cabling in a solid torus N in M and L'(m') be a fibered multilink obtained from 
L(m) by retracting N into its core curve. Let £ and £' denote the contact structures on 
M compatible with L{m) and L'(m') respectively. 




k 



Figure 1. Fibered Seifert links in case (2). 
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(1) If £' is tight and the cabling is positive, then £ is tight. 

(2) If £' is tag/it, i/ie cabling is negative and L(m) fliV has at least two components, then 
£ is overtwisted. 

(3) is tight, the cabling is negative, L(m) HN is connected, p > 2 and q < —1, then 
£ is overtwisted. 

(4) // £' zs overtwisted then £ zs a/so overtwisted. 

Here the cabling is performed with slope qm + pl, where (m, [) zs a meridian longitude pair 
on dN which will be fixed in Section 8.1. The definitions of positive and negative cablings 
will be given in the same section. 

The compatible contact structures of cablings in terms of multilinks are studied in- 
dependently by K. Baker, J. Etnyre and J. van Horn-Morris [2], in which they further 
determined the compatible contact structures in most case when £' is tight, the cabling is 
negative, L(m) fl iV is connected, and q > — 1. Note that the fibration of a fibered mul- 
tilink is called a rational open book decomposition in their paper. The case of M = S 3 
had been studied by M. Hedden in [13] using a different method. 

This paper is organized as follows. In Section 2, we fix the notation of Seifert fibered 
homology 3-spheres and Seifert multilinks following the book [5]. We introduce the notion 
of compatible contact structures for multilinks in Section 3. The case a\ ■ ■ ■ at > is 
studied in Section 4, including the proof of Theorem 11.11 and the case a± ■ ■ ■ au < is in 
Section 5, where we give an explicit construction of contact structures and some criterion 
for detecting overtwisted disks. We then prove Theorem 1 1.21 in Section 6 and Corollary 1 1.3 1 
in Section 7. In Section 8, we give the definitions of positive and negative cablings and 
the proof of Theorem 11.41 A conjecture about strongly quasipositive orientation is posed 
in the end of Section 7. 

The author would like to thank Ko Honda, Jose Maria Montesinos-Amilibia, Shigeaki 
Miyoshi, Atsuhide Mori and Kimihiko Motegi for their precious comments. 

2. Preliminaries 

In the following, intX and OX represent the interior and the boundary of a topological 
space X respectively. 

2.1. Notation of Seifert fibered homology 3-spheres. Let S be a homology 3-sphere. 
We use the topological description of Seifert links in [51 p. 60]. Let S = S 2 \int(DfU- ■ -UD^) 
be a 2-sphere with k holes and make an oriented, closed, smooth 3-manifold £ from S x S 1 
by gluing solid tori (D 2 x S* 1 )^ • • • , (D 2 xS^ along the boundary d(S x S l ). To fix the 
notation, we first choose a section S sec of it : S x S 1 — > S and set 

Q . = (-os sec ) n (d 2 x s 1 ^ 

H = typical oriented fiber of 7r in d(D 2 x S 1 )^. 

Suppose that the gluing map of (D 2 x S' 1 )^ to S x S 1 is given so that aiQi + bi H is null- 
homologous in (D 2 x S^i, where (a«, bi) G Z 2 \ {(0, 0)} and gcd(|aj|, = 1. To make the 
obtained 3-manifold S to be a homology 3-sphere, the integers a^'s and b^s should satisfy 
the equality Yli=i bi a i • • • a i-i a i+i • • • &k = ±1- Following [5], in this paper, we always 
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choose the coefficients a,'s and fcj's so that Y2i=i ^« a i ' ' ' a «-i a i+i ' ' ' a fc = 1 by replacing 
(a», 6j) into (— Oj, — 6j) for some i if necessary. Note that this equality ensures that if one 
of a,'s is zero then all the other Oj's satisfy |aj| = 1, and if aj 7^ for all i = 1, • • • , k then 
each pair (i, j) with i ^ j satisfies gcd(|aj|, = 1. Since the 3-manifold E does not 
depend on the ambiguity of the choice of foj's, we may denote it as E = E(ai, • • • , a^). 

The core curve Si of each solid torus (D 2 x S l )i is a fiber of the Seifert fibration after 
the gluings. For our convenience, some Si is possibly a regular fiber. We assign to Si an 
orientation in such a way that the linking number of Si and a^Qi + biH equals 1. This 
orientation is called the working orientation. 

Let (rrij, tj) be the preferred meridian-longitude pair of the link complement E \ Si 
chosen such that the orientation of the longitude U agrees with the working orientation of 
S^ Then (ttij, U) and (Qi,H) are related by the following equations, see [5j Lemma 7.5]: 

<»> ft) - (-;, 8 (2) and ft) = ft « ) ft) ■ 

where cij = ai • • • cij • • • a& and <5j = J^y* ^i a i ' ' * ^« ' * * % * * ' a k- Note that they satisfy 
+ 6i(Ti = I. 

Set A = ai • • • 0^. For a moment, we assume that 7^ for all z = 1, • • • , k, in which 
case the orientation of the Seifert fibration in S x S 1 — > S canonically extends into the 
fibers in (D 2 x S' 1 )j for each % = 1, • • • , k, namely the orientation of the Seifert fibration 
of E (ai, • • • , a*;) becomes well-defined. Note that the working orientation on Si coincides 
with the orientation of the Seifert fibration if and only if > 0. 

2.2. Fibered multilinks. We give the definition of fibered multilinks in 3-manifolds. 
The same notion appears in [2], where the fibration is called a rational open book decom- 
position. 

Let M be an oriented, closed, smooth 3-manifold and L an unoriented link in M with 
n link components. We first assign an orientation to each link component of L, which is 
called a working orientation. A multilink L(m) in M is a link each of whose components 
is equipped with a non-zero integer, called the multiplicity, where m = (mi,-- - ,m n ) 
represents the set of multiplicities. A multilink L(m) is called fibered if there is a fibration 
M \ L S 1 such that 

• the intersection of the fiber surface and a small tubular neighborhood N(S() of each 
link component Si of L(m) consists of \rrii\ > leaves meeting along Si, and 

• the working orientation of Si is consistent with (resp. opposite to) the orientation 
defined as the boundary of the fiber surface if m ; > (resp. rrii < 0) 

(cf. [5J p.28-29]). 

2.3. Fibered Seifert multilinks. A Seifert link L in E(ai, • • • , a&) is a union of finite 
number of fibers of the Seifert fibration. We had introduced the working orientation for 
each link component Si of L. Using this working orientation, we assign a multiplicity to 
each Si and make L to be a Seifert multilink. We denote this multilink as 

L(m) = (S(ai, • • • , a fc ), mi^i U • • • U m n S n ), 

where 1 < n < k. Note that Seifert multilinks are fibered in most cases and the fiberedness 
can be determined by a certain criterion stated in [§ } Theorem 11.2]. A typical example 
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of non-fibered Seifert multilink is the link obtained as the boundary of an A-times full- 
twisted annulus with \N\ > 2. 

Suppose that L(m) is fibered. The interiors of the fiber surfaces of L(m) intersect the 
fibers of Seifert fibration transversely except for the case where L(m) is a positive or 
negative Hopf multilink, see (5J Theorem 11.2] and the proof therein. In these exceptional 
cases, the transversality does not hold if the multiplicities and the denominators of the 
Seifert invariants satisfy a certain equation. As mentioned in (5j Proposition 7.3], a Seifert 
multilink is invertible and this involution changes L(m) into L(—m). In particular, this 
reverses the sign of the intersection of the interiors of the fiber surfaces and the fibers of 
Seifert fibration. So, by choosing one of L(m) and L(—m) suitably, we often assume in 
this paper that the intersection is positive. We name it the positive transverse property 
and write it (PTP) for short. 

Now we consider the case where A = a\ ■ ■ ■ ^ 0. In this case, as we already men- 
tioned, the orientation of the Seifert fibration of S(ai, • • • , a^) becomes well-defined. 

Definition 2.1. Suppose A ^ 0. A link component rriiSi of a fibered Seifert multilink 
L(m) with (PTP) is called positive (resp. negative) if its orientation is consistent with 
(resp. opposite to) the orientation of the Seifert fibration. If the orientations of the link 
components of L(m) are either all positive or all negative then we say that the orientation 
of L{m) is canonical. 

3. Fibered multilinks and contact structures 

3.1. A half Lutz twist. We first introduce terminologies in 3-dimensional contact topol- 
ogy briefly, see for instance [TSJ [5] for general references. 

A contact structure on M is the 2-plane field given by the kernel of a 1-form a satisfying 
a A da ^ everywhere on M. In this paper, we only consider a contact structure given 
by the kernel of a 1-form a satisfying a A da > 0, called a positive contact form on M. 
A vector field R a on M determined by the conditions da(R a , •) = and a(R a ) = 1 is 
called the Reeb vector field of a. The 3- manifold M equipped with a contact structure 
£ is called a contact manifold, denoted by (M, £). Two contact manifolds (Mi,£i) and 
(M 2 ,£ 2 ) axe said to be contactomorphic if there exists a diffeomorphism ip : Mi — > M 2 
such that dip : TM\ — > TM 2 satisfies dip(^i) = A disk D in (M, £) is called overtwisted 
if D is tangent to £ at each point on dD. If (M, £) has an overtwisted disk then we say 
that £ is overtwisted and otherwise that £ is tight. 

A half Lutz twist is a typical example of an overtwisted contact structure, which is given 
as follows: Consider the contact form a on M 3 given by 

a = cos rdz + r sin rd8, 

where (r, 9, z) are the coordinates of 1R 3 with polar coordinates (r, 6). The contact struc- 
ture ker a is as shown in Figure |2] and an overtwisted disk can be found in the tube 
{(r, 8,z) | |r| < 7i + e}, where e > is a sufficiently small real number. We call such a 
kind of contact structure in a tube a half Lutz twist (cf. [TSl p. 64] and 0, P-53 and p. 142]). 

Now we introduce an effective way to describe a contact structure on D 2 x S 1 . The 
description here is similar to the one in [HI Section 4.3], but we modified it so that we can 
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an overtwisted disk 



ker a = {cos rdz + r sin rdO = 0} 



Figure 2. An overtwisted disk in the tube of a half Lutz twist. 



see the slope of the contact structure and its Reeb vector field on each torus parallel to 
dD 2 x S 1 . Let a be a 1-form on D 2 x S l given by a = h 2 dfi + hid\, where (r, /i, A) are the 
coordinates of D 2 x S 1 with polar coordinates (r, //) of D 2 , and hi and /12 are real-valued 
smooth functions with parameter r. Here the indices of hi and hi are chosen so that they 
coincide with the indices in [9]. We have 



where h' x and h' 2 are the derivatives of hi and h 2 with parameter r respectively. So, a 
is a positive contact form if and only if hih' 2 — h 2 h[ > 0. We now plot (—hi, h 2 ) on the 
xy-plane. Since (h 2 , hi) represents a vector normal to the 2-plane of the contact structure 
ker a, we can regard the line connecting (0,0) and (— hi,h 2 ) as the slope of ker a. The 
Reeb vector field R a of a is given as 



The parameter r varies from to 1, namely from {(0, 0)} x S 1 to the boundary of D 2 x S 1 , 
and the pair of functions (— hi(r), h 2 (r)) defines a curve on the xy-plane. In summery, 
the curve 7 has the following properties: 

• Since hih' 2 — h 2 h[ > 0, (0, 0) ^ 7([0, 1]) and 7 moves in clockwise orientation. 

• The line connecting (0, 0) and (—hi, h 2 ) represents the slope of ker a and the vector 
(h 2 , hi) represents the positive side of ker a. 

• The speed vector (—h[, h 2 ) is parallel to R a in the same direction. 

See Figure |3l To make a to be a well-defined contact form in a neighborhood of r = 0, we 
may need to choose either (—hi,h 2 ) = (— c, r 2 ) or (—hi,h 2 ) = (c, — r 2 ) near r = 0, with 
some positive constant c, so that a has the form a = r 2 dfi + cdX or a = —(r 2 dfi + cdX) 
near r = respectively. 



da = h' 2 dr A dfi + h! x dr A dX 
a A da = (hih 2 — h 2 hi)dr A dfi A dX, 




3.2. Contact structures compatible with multilinks. The notion of compatible con- 
tact structures of fibered links can be generalized to fibered multilinks canonically. This 
idea also appears in [2]. Let M be a closed, oriented, smooth 3-manifold. 
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R, 



■a 



7 (r) = (-hi{r),h 2 (r)) 




{h 2 {r)M{r)) 



£ = {h 2 dfi + hid\ = 0} 



FIGURE 3. How to read £ = kera and R a from the curve 7(7") = (— hi(r), h 2 (r)). 

Definition 3.1. A flbered multilink L(m) in M is said to be compatible with a contact 
structure £ = kera on M if L(m) is positively transverse to £ and da is a volume form 
on the interiors of the fiber surfaces of L(m). 

The next lemma gives a useful interpretation of the notion of compatible contact struc- 
tures in terms of Reeb vector fields. In this paper we mainly use this characterization. 

Lemma 3.2. A fibered multilink L(m) in M is compatible with a contact structure £ on 
M if and only if there exists a contact form a on M whose kernel is contactomorphic to 
£ and whose Reeb vector field R a is tangent to L(m) in the same direction and positively 
transverse to the interiors of the fiber surfaces of L(m). 

Proof. The proof for a fibered link in [51 Lemma 3.5] works in this case also. □ 

Now we introduce two fundamental facts concerning compatible contact structures of 
fibered multilinks, analogous to the fibered link case due to Giroux [ID] . 

Proposition 3.3. Any fibered multilink in M admits a compatible contact structure. 

An analogous proof can be found in [2]. 

Proof. Let L(m) be a fibered multilink in M with n link components rriiSi, ■ ■ ■ ,m n S n 
and N(Si) a small compact tubular neighborhood of Si in M for i — 1, • • • , n. We denote 
by F t the fiber surface of L(m) over t £ S 1 = [0, l]/0 ~ 1 and choose a diffeomorphism 
4>t ■ F — > F t of the fibration of L(m) in such a way that 



in N(Si), where (r», ^,Aj) are the coordinates of N(Si) = D 2 x S 1 chosen such that 
(rj,/ij) are the polar coordinates of D 2 and the orientation of A agrees with that of the 
corresponding link component of L(m). For convenience, we set the coordinates (r i; /ij) 
such that the radius of D 2 is 1. 

Let 9i be a coordinate function on the curve — (F \int N(Si)) given as 9{ = — A». Then, 
as in [27], we can find a 1-form (5 on F Q n (S x S* 1 ) such that df3 is a volume form on 
F n(Sx S 1 ) and = -ydOi near dN(S-). The manifold M is constructed from F x [0, 1] 
by identifying (x, 1) ~ 0) for all x £ F and then filling the boundary components 
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by the solid tori N(Si)'s. According to this construction, we define a 1-form « on 5 x S 1 

as 

a = (1 -t)P + t<pl(P) +Rdt, 
with R > 0, which is given near dN(Si) as 

(3.1) «o = ddi + Rdt = —d\i + Rivid^i — UidXA, 

n r» 

where (ui,Vi) is a vector representing the oriented boundary of F \ int N(Si) on dN(Si) 
with coordinates (/ij, Aj); in other words, (vi, —ui) is a vector positively normal to F on 
dN(Si). Note that t>j > 0. We choose R sufficiently large so that a becomes a positive 
contact form on 5 x S 1 . 

For each N(Si), we extend «o into N(Si) by describing a curve 7(r») on the xy-plane ex- 
plained in Section 3.1. The endpoint (—hi(l), ^2(1)) of 7( r i) is given as (— hx(l), h 2 (l)) = 
(Rui — l,Rvi) and the speed vector '/(r*) at Tj = 1 is (— h'^Ti), h' 2 (ri)) = (1,0). So, we 
can describe a curve jfc) representing a positive contact form on N(Si) such that 

• (—hi , h 2 ) = (— c, r 2 ) near r = with c > 0, 

• 7(1) and 7'(1) satisfy the above conditions, and 

• 7'(rj) rotates monotonously. 

Thus the contact form «o is extended into N(Si). We denote the obtained contact form 
on M as a. 

Since the fibers of the Seifert fibration intersect F t fl (S x S 1 ) positively transversely, 
kera is compatible with L(m) on 5 x S . In each N(Si), we can isotope F t into the 
position shown in Figure H] such that kera is compatible with L(m). This completes the 
proof. □ 

A A 




Figure 4. The compatibility in the neighborhood N(Si). 

Proposition 3.4. If two contact structures on M are compatible with the same fibered 
multilink in M then they are contactomorphic. 



Proof. The proof for a fibered link in [10] works in this case also (cf. [HI Proposi- 
tion 9.2.7]). □ 
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4. Case aia 2 ■ ■ • a/. > 

4.1. Explicit construction of the contact structure. Throughout this section, we 
always assume that A — ai ■ • • > 0. Theorem 11.11 follows from the explicit construction 
of compatible contact structures described below. 

Proposition 4.1. Let L(m) = (Y,,miSi U • • • U m n S n ) be a fibered Seifert multilink in a 
homology 3-sphere S = E(oi, ■ ■ • , a^) with A > 0. Assume (PTP). Then there exists a 
positive contact form a on J] with the following properties: 

(1) L(m) is compatible with the contact structure £ = kera. 

(2) The Reeb vector field R a of a is tangent to the fibers of Seifert fibration on S x S 1 . 

(3) The neighborhood (D 2 x S' 1 ) i of each negative component rriiSi of L(m) contains a 
half Lutz twist. In particular, it contains an overtwisted disk. 

(4) On the other (D 2 x S 1 ) i 's, ker a is transverse to the fibers of Seifert fibration. 

Remark 4.2. The most canonical way to construct a contact structure compatible with a 
given fibered link is to use the fiber surface as done in [27J . However this is difficult in our 
situation because there is no systematic way to describe the fiber surface. The idea of the 
proof of Theorem 11.11 is that we choose the contact form such that its Reeb vector field 
is tangent to the fibers of Seifert fibration everywhere except along small neighborhoods 
of the negative components, which makes sure that the contact structure is compatible 
with the fibered multilink in the most part. The rest is done by describing possible local 
positions of the fiber surfaces along the exceptional components. 

Remark 4.3. The existence of ^-invariant contact forms on orientable Seifert fibered 3- 
manifolds is known in [J5]. The existence of a contact structure transverse to the fibers 
of a Seifert fibration had been studied in [25] for circle bundles over closed surfaces and 
in [16] for Seifert fibered 3-manifolds. 

To prove Proposition 14.11 we apply the argument in the proof in [27] to the Seifert 
fibration. We denote the boundary component (—dS) R D 2 of S by Cj. 

Lemma 4.4. Suppose A > and let Ui be a collar neighborhood ofCi in S with coordinates 
(ri,9i) G [1,2) x S 1 satisfying {(rj,^) | r» = 1} = C». Then there exists a 1-form (3 on S 
which satisfies the following properties: 

(1) d/3 > on S. 

(2) If J < then f3 = R l r i d6 i with < R { near d on U { . 

(3) // j£ > then (3 = ^d6, with < ifc < near Q on Ui. 

Proof. Since Yli=i ("a 1 ) = ~ 3 < ^> we can choose R±, ■ ■ ■ , Rk such that they satisfy the 

inequalities in (2) and (3) and the inequality Yli=i Ri < 0- Let f2 be a volume form on S 
which satisfies 

• / 5 n = -ltii*>o, 

• Vt = Ridri A d9i near Cj with ^ < 0, and 

• Q = -^dn A ddi near d with ^ > 0. 

rf 1 1 1 ^ 
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Let T] be any 1-form on S which equals R^idOi if — < and ^d8i if > near C{. By 
Stokes' theorem, we have 

/ (n - drj) = [ n - [ v = [ Q + [ R i dd i 

= [ Q + J2 R i = °- 

J s i=l 

Here Cj is oriented as —dS. The closed 2-form Q — drj represents the trivial class in 
cohomology vanishing near dS. By de Rham's theorem, there is a 1-form 7 on S vanishing 
near dS and satisfying dj = Q — dt]. Define /3 = rj + 7, then d/3 = Q is a volume form on 
S and /3 satisfies properties (2) and (3) near dS as required. □ 

We prepare two further lemmas which will be used for constructing the contact form 
on (D 2 x S 1 ) i . Let B = [1, 2) x S 1 x S 1 C S x S* 1 be a neighborhood of a boundary 
component of 5 x S 1 with coordinates (r,9,t). We glue -D 2 x S* 1 to B as 

/zm + Al = (a/i — erA)<5 + (&// + 5X)H, 

where (m, () is a standard meridian- longitude pair of 3D 2 x S 1 C D 2 x S , Q is the 
oriented curve given by {1} x S 1 x {a point} C 95, 5 is a typical fiber of the projection 
[1,2) x S 1 x S 1 — > [2,1) x S 1 which omits the third entry, and a,b,a,5 G Z are given 
according to relations ( 12.1ft . The fibers = am + a[ of the Seifert fibration on 3D 2 x S 1 
are canonically extended to the interior of D 2 x S . 

Lemma 4.5. Suppose a 7^ and either (i) < — - < i? and «o = RrdO + dt or 
(ii) — ^ < i? < and a = -^d^ + dt, where «o a contact form on B . Then there exists 
a contact form a on B U (D 2 x S 1 ) wif/i tae following properties: 

(1) a = a on B. 

(2) ker a is transverse to the fibers of Seifert fibration in D 2 x S . 

(3) R a is tangent to {(0,0)} x S 1 in the same direction as the orientation of the Seifert 
fibration. 

(4) R a rotates monotonously with respect to the parameter r £ [0, 1]. 

Proof. We consider case (i). Let a and 5 be integers satisfying relations (12. ip . Denote the 
gluing map of D 2 x S 1 to B by ip, then we have 

f*ao = Rrd(afi — aX) + d(6/i + SX) — (b + aRr)dji + (5 — o~Rr)dX 



- + Rr) dn+-\l-aa\- + Rr) ) dX. 
a ) a V V a 



If a > then a(| + Rr) > near r = 1. So, on the xy-plane, the point (— /ii(l), ^2(1)) 
lies in the region y > 0. Since i? ao is positively transverse to kerao at r = 1, we can 
describe a smooth curve 7(7") = (— hi(r), h 2 (r)) on the xy-p\aiie representing a positive 
contact form on B U {D 2 x S* 1 ) such that 

• (—hi, h 2 ) = (— c, r 2 ) near r = with c > 0, 

• /i 2 d/i + ftidA = tp*ao near r = 1, and 

• j'(r) rotates monotonously, 
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(-Ml), Ml)) 




case hi(l) > 




^(p^ao &t r — 1 



(-/n(l),^(i)) 



case /ii(l) < 



Figure 5. Curves representing contact forms on D 2 x S l in Lemma 14.51 
The figures are in case a > 0. 

If a < then a(- + Rr) < near r = 1 and hence the point (— hi(l), M-0) ^ es ^ n ^ ne 
region y < 0. We choose a smooth curve 7(7-) such that 

• (—hi , h 2 ) = (c, — r 2 ) near r = with c > 0, 

• /i 2 <i/i + hidX = ip*a near r = 1, and 

• j'(r) rotates monotonously. 

Note that such a curve 7(7-) is given by the 7r-rotation of the figures in Figure [5j The 
contact form aonBU (D 2 x S 1 ) defined by this curve satisfies the required properties as 
before. 

The proof for case (ii) is similar. □ 

Lemma 4.6. Let a be a contact form on B given by either (i) a = Rrd9 + dt with R > 
or (ii) a = ^d6 + dt with R < 0. Then there exists a contact form a on BY} (D 2 x S 1 ) 
with the following properties: 

(1) a = «o on B. 

(2) ker a is transverse to the fibers of Seifert fibration in D 2 x S* 1 except on a torus 
{r{\ x S 1 x S 1 embedded in D 2 x S 1 for some r\ G (0, 1). 

(3) R a is tangent to {(0,0)} x S 1 and the direction of R a is opposite to the orientation 
of the Seifert fibration. 

(4) R a rotates monotonously with respect to the parameter r e [0, 1]. 

Furthermore, if R satisfies R > — - then ker a has a half Lutz twist in D 2 x S 1 . 



Proof. The proof is analogous to the proof of Lemma 14.51 In case (i) with a > 0, we 
choose a curve 7 on the xy-plane such that (—hi, h 2 ) = (c, — r 2 ) near r = with c > 
as shown in Figure [6j This satisfies the required properties. If R > — - then a half Lutz 
twist appears at r = r 2 as described on the right in the figure. The proofs in case a < 
and case (ii) are similar. □ 



Proof of Proposition 4-1 Let cto be the 1-form on S x S* 1 defined by a® = (3 + dt, where 
(3 is a 1-form constructed in Lemma [4.41 and t is the coordinate of S 1 , which is assumed 
to be consistent with the orientation of the Seifert fibration. Since (3 A d(3 is a 3-form on 
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Figure 6. Curves representing contact forms on D 2 x S 1 in Lemma [4.61 



S, we have j3 A d/3 = and 

a A da = f3 A d/3 + dt A d/3 = d/3 A dt > 0. 

Thus a is a positive contact form on S x S* 1 and its Reeb vector field is given by R ao = J^. 
Note that, since R ao is tangent to the fibers of 7r : S x S 1 — > S in the same direction, 
(PTP) implies that i? ao is positively transverse to the fiber surfaces of L(m) in S x S . 

Now we extend «o into (-D 2 x S' 1 )j in the following way. If either mjS'j is a positive 
component or i > n then we use the construction of a contact form in Lemma 14.51 
otherwise we use the construction in Lemma 14.61 We denote the extended contact form 
on £ by a. 

From the construction, we only need to check the property (1) in the assertion. Due 
to Lemma I3.2[ it is enough to check if R a is tangent to L(m) in the same direction 
and positively transverse to the interiors of the fiber surfaces of L(m). This positive 
transversality had already been established in S x S 1 . 

We first check the positive transversality in the neighborhood (D 2 x S' 1 )^ of a positive 
component m^. Figure [7] shows the mutual positions of the fiber surfaces F, the oriented 
fibers H of the Seifert fibration and the Reeb vector field R a on (D 2 x S 1 )i in case > 0. 
The orientations of the link component m^Si and the fibers H are as shown in the figures 
since rriiSi is a positive component, > 0, a i: > 0, and H is given as H = cr^mi + ajj. 
The Reeb vector field R a had already been given in the above construction. Now there 
are three possibilities of the framing of the fiber surface F, namely it is either positive, 
negative, or parallel to rriiSi. The case of positive framing is described on the left in the 
figure and the case of negative framing is on the right. The parallel case is omitted. In 
either case, we can isotope the fiber surfaces F in (D 2 x S* 1 ), such that it satisfies the 
property (1). Note that the vectors of R a on the right figure are directed under the fiber 
surface. The proof in case a, < is similar, in which case the figures are those in Figure [7] 
with replacing (rrij, tj) by (— ttVj, — U)- 

The property (1) in (D 2 x S 1 )i with i > n can also be checked from the figure because 
the fiber surfaces on (D 2 x S l )i consists of horizontal disks. 

Suppose that rriiSi is a negative component. We assume that > 0. Then the 
orientations of the link component rriiSi and the fibers H become as shown in Figure |8j 
There is only one possibility of the framing of the fiber surface F, which is shown in the 
figure, otherwise they do not satisfy (PTP) on the boundary of (D 2 x S* 1 )^ As shown 
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\rriiSi : positive 



\ rriiSi : positive 





R 





H 



Figure 7. The compatibility in the neighborhood (D 2 x S 1 )i of a positive 
component rriiSi in case <Zj > 0. 

in the figure, we can isotope the fiber surface F in (D 2 x S 1 )i such that it satisfies the 
property (1). The proof in case < is similar and the figure is as in Figure [8] with 



Figure 8. The compatibility on the neighborhood (D 2 x S 1 )i of a negative 
component rriiSi in case Oj > 0. 

4.2. Proof of Theorem 11.11 The next lemma will be used in the proof of Theorem ll.il 

Lemma 4.7. If A > then every fibered Seifert multilink has at least one positive com- 
ponent. 

Proof. Let F be a fiber surface of a fibered Seifert multilink L(m) and assume that L(m) 
has no positive component. The fibers of Seifert fibration are given as H = crjtrij + a^, 
where o~iOi = A > 0. Let ji = UiVn-i+ViU be the oriented boundary d(Fn(D 2 x S 1 )^ \m,iSi, 
where «, e Z and v $ G Z \ {0} are chosen such that the number of connected components 



replacing (m*, U) by (— m i3 -Q. 



□ 





y niiSi : negative 
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of d(Fn(D 2 x 5' 1 )j)\mjS' i is equal to gcd(|«j|, \vi\) in case Ui ^ and \vi\ otherwise. From 
(PTP), we have the inequality 1(^,11) = Uitti — Vi<Ji > 0, where I(ji,H) is the algebraic 
intersection number of 7, and H on d(D 2 x S 1 )i. Furthermore, the fiber surface F along 
rriiSi is given as shown in Figure [9] and we can verify the inequality a(o « > from these 
figures. 

kvriiSi : negative 




y rriiSi : negative 
case a,i > case en < 



Figure 9. The framing of F along m^. 
For each i = 1, • • ■ , n, 

The union of these curves is homologous to the boundary of the fiber surface because 
it is a Seifert surface, and hence the sum Y^i=xi u i" m 'i + v &) l?> null-homologous in the 
complement E\L(m). This complement is obtained from S x S 1 by gluing (D 2 x S 1 )i, for 
i = n + 1, • • • , k, in such a way that a^Qi + biH corresponds to the meridian of (D 2 x S 1 ),;. 
Hence there exists a non-zero vector (w n+ i, ■ ■ ■ ,Wk) which satisfies 

n k 

fXiaiUj - cTiVi)Qi + (biUi + 5iVi)H) + ^ w^Qi + hH) = 0. 

1=1 j=n+l 

Since Ya=i Qi = in #i( 5 x 5 1 ) is the unique relation which we can use for vanishing 
the coefficients of QiS, all coefficients of Qj's must be the same value. Hence we have the 
equality 

±( Q , + ^±^!,) + ± (q. + VUo, 

which implies 

Q _ y-> fe^ + <^ ^i_y^/^i_| ^ ^ _|_ 

-j^ \ / — i. / — I! ~r 1 — / — ' ' ~r i 



1 
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However the right hand side of this equation must be strictly positive since a«Uj —UiV^ > 
and diVi > 0, which is a contradiction. □ 

Proof of Theorem li.il We first remark that it is enough to observe the tightness for a 
specific contact form whose contact structure is compatible with L(m) by Proposition 13.41 
Assume that L(m) is not a Hopf multilink in S 3 . If all components of L(m) are negative 
then it does not satisfy (PTP) by Lemma \4. 71 So, in this case, we reverse the orientation 
of L(m) as L(—m) so that all components become positive. If all components of L(m) 
are positive, then the compatible contact structure constructed according to the recipe 
in Proposition 14.11 is positively transverse to the fibers of Seifert fibration everywhere. 
In particular, it is known that such a contact structure is always tight, see |T7] and [161 
Corollary 2.2]. Moreover, since the monodromy of the fibration of L(m) is periodic, we 
can conclude that the contact structure is Stein tillable, see [II Theorem 4.2]. 

Suppose that L(m) has at least one positive component and one negative component. In 
this case, even if we reverse the orientation of L(m) by involution, L(m) still has a negative 
component. Therefore, in either case, the contact structure kera has an overtwisted disk 
by property (3) in Proposition 14.11 

Finally we consider the case where L(m) is a Hopf multilink. Let m-iSi and m^S^ denote 
the multilink components of L(m), i.e., L(m) = (E(l, 1), miS\ U m^S^). If m i + m 2 7^ 
then L(m) satisfies (PTP) up to the reversal of the orientation of L(m). So, the above 
proof works in this case. Suppose that mi + m-i = 0. Since the orientation of L(m) is 
not canonical, it is enough to check that the compatible contact structure is overtwisted. 
This follows immediately since the fiber surface of L(m) is a disjoint union of the fiber 
surfaces of a negative Hopf link and the compatible contact structure is same as that of 
a negative Hopf link. □ 



5. Case aia 2 ■ • • a& < 

5.1. Explicit construction of the contact structure. Throughout this section, we 
assume that A — Oi • • • < 0. We start from the following lemma. 

Lemma 5.1. If A < then every fibered Seifert multilink has at least one negative 
component. 

Proof. The proof is analogous to that of Lemma ETT1 In the present case, the framing of the 
fiber surface F along rriiSi becomes as shown in Figure [101 from which we have < 0. 
Hence the right hand side of equation (14. ip is strictly negative since aiUi — OiVi > and 
aiV i < 0. This is a contradiction. □ 

The main assertion in this section is the following. 

Proposition 5.2. Let L(m) = (£, mi Si U • • • U m n S n ) be a fibered Seifert multilink L(m) 
in a homology 3-sphere E = E(ai, • • • , a^) with A < 0. Assume (PTP). Fix an index io 
of some negative component of L(m). Then there exists a positive contact form a on E 
with the following properties: 

(1) L(m) is compatible with the contact structure £ = kera. 
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* rriiSi : positive 




I rriiSi : positive 
case en > case a, < 

Figure 10. The framing of F along rriiSi. 

(2) The Reeb vector field R a of a is tangent to the fibers of Seifert fibration on S x S 1 . 

(3) The neighborhood (D 2 x S 1 )i of each negative component rriiSi, except rrii Si , con- 
tains a half Lutz twist. In particular, it contains an overtwisted disk. 

(4) On the other (D 2 x S^i's, except i = i , kerct is transverse to the fibers of Seifert 
fibration. 

In particular, if L(m) has at least two negative components then the contact structure 
kera is overtwisted. 

Before proving this proposition, we prepare a lemma similar to Lemma 14.41 

Lemma 5.3. Suppose A < and fix an index Iq. Let Ui be a collar neighborhood of Ci 
in S with coordinates (r*, 0*) G [1,2) x S 1 satisfying {(r^,^) | r { = 1} = C; L . Then there 
exists a 1-form f3 on S which satisfies the following properties: 

(1) d/3 > on S. 

(2) If - 1 < and i ^ io then (3 = R^idOi with — ^<Ri near Ci on Ui. 

(3) If ^ > and i ^ i then f3 = ^dOi with — & < R { < near d on Ui. 

(4) If ^ - i < then (3 = Ri n d6 io with < R k) < + ± near C k) on U io . 

(5) If^ - \ > then (3 = ^d6 io with R io < + \ near C io on U io . 

Proof. Since X^j ( — a 1 ) ( — ^ ^) = ^' we can cnoose ' ' ' sucn that they 
satisfy the above inequalities and the inequality Y2i=i < 0- The 1-form /3 required can 
be constructed from these R^s in the same way as in the proof of Lemma [4.41 □ 

Proof of Proposition 15.^1 We make a contact form ao on S x S 1 from the 1-form (3 
in Lemma 15.31 and extend it to (D 2 x S 1 )i as in the proof of Proposition 14.11 The 
properties (2), (3), (4) follow from this construction. Let a denote the obtained contact 
form on M. 

Suppose that i ^ io and rriiSi is a positive component. The mutual positions of the 
fiber surface F, the oriented fibers H of the Seifert fibration and the Reeb vector field R a 
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on (D 2 x S 1 )i in case <Zj > are as shown on the left in Figure [Til The contact structure 
a in this case is determined by the curve described on the right. From these figures, we 
can easily check that these satisfy the property (1). The proof is analogous in case < 0. 



A rriiSi : positive 

h 2 




Figure 11. The mutual positions of F, H and R a in the case where rriiSi 
is a positive component. 



If rriiSi is negative then their mutual positions become as shown in Figure [T2| thus the 
property (1) holds. If i — io then, since m io Si is a negative component, Figure fl2l again 
shows the property (1). This completes the proof. □ 




Figure 12. The mutual positions of F, H and R a in the case where rriiSi 
is a negative component. 



5.2. Some criterion to detect overtwisted disks. In this subsection, we show two 
lemmas which give sufficient conditions for the contact structure in Proposition 15.21 to be 
overtwisted. 
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Lemma 5.4. Suppose A < and let rrii Si be a negative component of L(m). Suppose 
further that there exists among ax, ■ ■ ■ which satisfies the inequality 

1/1 1 \ 1 

> r- 



Then the contact structure in Proposition \5.2\ is overtwisted. 

Proof. From the inequality in the assumption, we have |ajj > |aj |. In particular, i ^ 
We can assume that m^S^ is a positive component, since otherwise the contact structure 
is overtwisted by Proposition 15.21 We will find Ri, ■ ■ • , in Lemma I5T31 which satisfy 

Ri + — J =-KI \Riy + — J <o. 
v a iJ V Oil/ 

Set X = R i( + ^ and Y = R^ + They should satisfy the conditions in Lemma 15731 

that is, X - \ < and Y > 0. 

For a sufficiently small £ > 0, we set Ri's for i ^ io,h such that they satisfy the 
conditions in Lemma 15.31 and the equality 

£ (*+- 

In the case k = 2, we set e = 0. We need the inequality Yli=x R% < ^ an d hence X and Y 
should satisfy 

> ^ Ri + Rio + Ri^e- A + Ri + Rh = z ~k + * + Y- 

Now we assume that the following inequality holds: 
(5.1) \b io + a io R io \ = -\a io \X < r— . 

\ a i | 

Then, since the difference of the slopes of a meridional disk and a Legendrian curve on 
d(D 2 x S 1 )^ is given as 

( a i Qio + bi H) — cii (Qi — Ri H) = (bi + ai Ri )H, 

as shown in Figure [TBI there exists a meridional disk A io in (D 2 x S 1 )^ whose boundary 
is Legendrian except for a short vertical interval of length |6j + ai Ri Q \. Note that the 
disk A io is actually an embedded one because we had assumed inequality (15. ip . 
We obtain the same disk A it in (D 2 x S 1 )^, assuming the inequality 
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slope of meridional disk = Qi + -p-H 



Legendrian curve = Qi — Ri H 



Figure 13. The slopes of a meridional disk and a Legendrian curve on the 
boundary of (D 2 x S 1 )^. 



In summery, we have assumed for a point (X, Y) to satisfy the following conditions: 

' \a io \X + \a h \Y = 0, 



(5.2) 



X + Y < S + -. 

A 

~k <X<1 * 
< F < 



Note that we always have the inequality —jr < \, because — > 

implies |a io | < \a^\ and hence 



< 



1 



JO 



1 

< — . 

I 1 1 I 



Now we describe the region on the XF-plane where (X, Y) satisfies the inequalities 
the above conditions, which is shown in Figure [TH Note that we used the inequality 



of A ' aF 



Y 



X 



\ 1_ 



Figure 14. The region where (X,Y) satisfies the required inequalities. 
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1 1 1/1 1 \ 1 

— 2" > | 1 | 1 - | 1 > - — 

a i a h \ a h\ \\ a io\ \ a ii\J A 

when we described this region. The equality and inequalities in (15. 2p have a solution if 
and only if the line k„|X + \a^ \Y = intersects this region, i.e., the following inequality 
holds: 

|aJ ("^ + l) +KI (4) >0 ' 
and this follows from the assumption. Thus the embedded disks Aj and A^ exist. Finally 
we connect these disks by a band B whose two sides are Legendrian, as shown in Figure [T5l 
and modify the union Aj U B U A^ so that it becomes a smooth embedded disk with 
Legendrian boundary. From the figure, we can conclude that this disk is an overtwisted 
disk. □ 




Figure 15. A Legendrian curve bounding an overtwisted disk. 



Lemma 5.5. Suppose A < and let rrii Si be a negative component of L(m). Suppose 
further that there exist and a i2 satisfying \a io \ < \a i2 \ < |ajj. Then the contact 
structure in Proposition \5.HA is overtwisted. 

Proof. We have the inequality 

kj i / l l \ l i i i i 







| 1 | | ,s, , , , < , , - 




1^10^12 1 


V \ a io 1 1*^*2 1 J 


l^»2l l^*o 1 1*^*0 1 1^*2! I^iol 


\ a h\ 



and hence the assertion follows from Lemma [5.41 □ 

Example 5.6. Suppose that gcd(|p|, \q\) = 1 and pq < 0. 

(1) (S, L) = (S(l,p, q), —Si) is a (p, g)-torus knot in S* 3 . Here the component —Si must 
be negative because of Lemma I5TT1 If \p\, \q\ > 2 then there exists an overtwisted 
disk by Lemma [5.51 If either \p\ — 1 or \q\ — 1 then L is a trivial knot in S* 3 and its 
compatible contact structure is tight. Actually, this does not satisfy the condition 
in Lemma [5.41 
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(2) (E, L) = (E(p,q), Si U —S2) is a positive Hopf link in S 3 . It is well-known that its 
compatible contact structure is tight, and this actually does not satisfy the condition 
in Lemma [5.41 

6. Fibered Seifert links in S 3 

In this section, we study Seifert links in S 3 . The classification of Seifert links in S 3 was 
done by G. Burde and K. Murasugi [3], in which they proved that a link is a Seifert link in 
S 3 if and only if it is a union of a finite number of fibers of the Seifert fibration in E(p, q) 
with pq 7^ or (p, q) = (0, 1) (cf. [5l p. 62]). The classification of contact structures on S 3 
had been done by Y. Eliashberg [HI E]. In particular, it is known that S 3 admits a unique 
tight contact structure up to contactomorphism, so-called the standard contact structure. 

Proof of Theorem \1.2i The assertion in case pq > follows from Theorem 11.11 Suppose 
pq < 0. We first prove the assertion in the case where all components of L are negative. 
In this case, (PTP) is satisfied by Lemma 15.11 If L has more than one link components 
then the contact structure is overtwisted by the last assertion in Proposition 15.21 Suppose 
that L consists of only one component, then L is either a trivial knot or a (p, g)-torus 
knot with pq < 0. It is well-known that the contact structure of a trivial knot is tight, 
and that the contact structure of a (p, g)-torus knot with pq < is overtwisted if and only 
if it is not a trivial knot. Thus the assertion follows in this case. 

Next we consider the case where L has at least one positive component. Note that 
L also has one negative component by Lemma 15.11 We can assume that the number of 
negative components of L is one, otherwise the contact structure is overtwisted by the 
last assertion in Proposition 15.21 

We decompose the argument into three cases: 

(1) The two exceptional fibers of E(p, q) are both components of L. That is, 

L = (£( !,•• • ,l ,p,q),miSi U • • ■ Um„_ 2 S„_ 2 Um n _iS„_i Um n S n ). 

n-2 

(2) One of the two exceptional fibers of q) is a component of L. That is, 

L = (E(l, ■ • • , l,p, q),miSi U • ■ ■ U m n -iS n -i U m n S n ). 

n-l 

(3) Neither of the two exceptional fibers of E(jo, q) is a component of L. That is, 

L = (S(l, ■ • • , l,p, q), niiSi U ■ ■ • U m n S n ). 

n 

Here m,i G { — 1, +1} since L is a fibered link. 

We first consider case (1). If n = 2 then L is a positive Hopf link in S 3 . Suppose n > 3 
and that either S n -i or S n , say S n -i, is a negative component. The linking number of 
m n _iS n ^i and all the other components of L is (n — 2)\q\ + 1. Note that n — 2 is the 
number of the link components of L along non-exceptional fibers. For a fiber surface F of 
L, the oriented boundary d(F fl (D 2 x 5' 1 ) n _i) \ m n _ 1 S' n _i on d(D 2 x S' 1 ) n _i is given as 
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7 = ±(— ((n — 2)|g| + l)m n _i + l n _i), where the sign ± is + if p > and — otherwise, see 
Figure [161 Here the surface on the right is described by applying the Seifert's algorithm 
to the diagram on the left. 




Figure 16. The framing of the Seifert surface in case (1) with negative 
component m n „i5 n _i and p > 0. 

Since if = gm„_i +pl n -i, (PTP) implies the inequality if) = ^(((n — 2)\q\ + l)p + 
q) > 0, where 1(7, if) is the algebraic intersection number of 7 and if on d(D 2 x 5' 1 )„_i. 
However, 

1(7, H) = =p(((n - 2)\q\ + l)p + q) = (n- 2)pq T {p + q) 

= (p =f l)(g =F 1) + in ~ 3)M - 1 < 

since (p =F l)(q =F 1) < and (n — 3)pq < for n > 3. This is a contradiction. 

Suppose n > 3 and a regular fiber is a negative component of L. The linking number of 
m n _i5 n _i and all the other components of L is — (n — 4)|g| — 1 and the oriented boundary 
9(Fn(D 2 x5Vi)\%-A-i on d^xS 1 )^ becomes 7 = ±((-(n-4)|g| -l)m n _i- 
[ n _i), see Figure \T7\ Thus, 1(7, if) = ^(((n — 4)|g| + l)p — g) = (n — 4)pg =f p ± g. If 
|p|, |g| > 2 then the contact structure of L is overtwisted by Lemma 1531 If either \p\ or 
|g| equals 1 then 

{n — A)pq =1= p ± g = (n — 3)pg — (p =F 1) (g ± 1) — 1 <0 

since (p =F l)(g ± 1) = 0. Hence (PTP) does not hold. 

Next we consider case (2). If n = 1 then L is a trivial knot in S 3 . Suppose n > 2 and 
that S n is a negative component. Since 

7(7, if) = =f((w - l)|g|p + g) = (n - l)pg =F g = (n - l)pg + |g| < 0, 

(PTP) does not hold (cf. Figure [16] with deleting the component m n S n and replacing the 
number (n — 2)\q\ by (n — l)|g| and the indices n — 1 by n). We remark that the equality 
holds when n = 2 and \p\ = 1, and if |g| = 1 in addition then L becomes a positive Hopf 
link. Nevertheless, we can ignore this case because the fibration of a positive Hopf link is 
not given by this Seifert fibration. 
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lm n _ 1 5 n _i : positive 




Figure 17. The framing of the Seifert surface in case (1) with a non- 
exceptional fiber being the negative component. 

Suppose n > 2 and a regular fiber is a negative component of L, then 

7(7, H) = q=((n — 3)|g|p — g) = (n — 3)pq ± q = (n — 3)pq — \q\ 

(cf. Figure [TTl with deleting the component m n S n and replacing the number {n — 3)|g| by 
(n — 2)|g| and the indices n — 1 by n). This is positive if and only if n = 2 and |p| > 2, 
in which case if \q\ > 2 then the contact structure of L is overtwisted by Lemma T5.5[ and 
if \q\ = 1 then L is a positive Hopf link and its contact structure is tight. 

Finally we consider case (3). If n = 1 then it is a (p, q) -torus knot and we know that 
its contact structure is tight if and only if it is a trivial knot. If n = 2 then L is a 
positive Hopf link, otherwise L is not fibered. If n > 3 and \p\, \q\ > 2 then its contact 
structure is overtwisted by Lemma 15.51 So, we can suppose that n > 3 and either \p\ 
or \q\ equals 1. Choose a positive component m^S^ of L, then the oriented boundary 
d(F fl (D 2 x S 1 )^) \ m h S il on d(D 2 x S* 1 )^ is given as 7 = —{n — 3) | ^ |m i;L — [ ix , see 
Figure [181 Since 1(7, if) = — (n — 3)|g| +pg < 0, (PTP) does not hold. 

If pq = then L is as shown in Figure HJ which is a connected sum of a finite number 
of Hopf links. The plumbing argument in [28J ensures that the contact structure of such 
a link is tight if and only if every summand is a positive Hopf link. This completes the 
proof. □ 



7. Seifert links in S 3 and their strongly quasipositivity 

A Seifert surface in S 3 is called quasipositive if it is obtained from a finite number of 
parallel copies of a disk by attaching positive bands. A link is called strongly quasipositive 
if it is realized as the boundary of some quasipositive surface. In other words, a strongly 
quasipositive link is the closure of a braid given by the product of words of the form 

o~ij — (o-j • • •cr i _ 2 )crj_i(cr, • • ■ cr^) -1 
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*tmi 1 Si 1 : positive 




Figure 18. The framing of the Seifert surface in case (3). 



where o~i is a positive generator of braid. See [HI EH EH E21 G3J EI] for further studies of 
quasipositive surfaces. 

It is known by M. Hedden [T2] , and S. Baader and the author [TJ in a different way, 
that the compatible contact structure of a fibered link in S 3 is tight if and only if its fiber 
surface is quasipositive. So, Theorem 11.21 can be generalized into the non-fibered case as 
stated in Corollary 11.31 

Proof of Corollary \1.3[ The assertion had been proved in Theorem ll.2l if L is fibered. So, 
hereafter we assume that L is non-fibered. If (a 1; 02) = (0, 1) then L must be a trivial link 
with several components, which is excluded by the assumption. Suppose that a\02 7^ 0. 
By using the criterion in [5], Theorem 11.2], we can easily check that L is not fibered if 
and only if it is a positive or negative torus link, other than a Hopf link, which consists 
of even number of link components, say 2k, half of which have reversed orientation. Such 
an L is realized as the boundary of a Seifert surface F consisting of k annuli. 

Suppose 0102 > and let F' be one of the annuli of F . The core curve of F' constitutes 
a positive torus knot, say a (p, q) torus knot with p, q > 0. It is known in [fl Lemma 6.1] 
that if F' is quasipositive then —1 times the linking number Ik(F') of the two boundary 
components of F' is at most the maximal Thurston-Bennequin number TB(K) of the 
core curve K of the annulus, i.e. —Ik(F') < TB(K). It is known in [26J that 

TB(K) = (p — l)q — p = pq — p — q, 

where we regarded p as the number of Seifert circles, which equals the braid index. How- 
ever, we can easily check Ik(F') = —pq, which does not satisfy the inequality —Ik(F') < 
TB(K). Thus F' is not quasipositive. Now assume that L is strongly quasipositive. 
Then, by definition, there exists a quasipositive surface bounded by L. However this 
surface contains the above non- quasipositive annulus as an essential subsurface, which 
contradicts the Characterization Theorem of quasipositive surfaces in [19]. Thus L is not 
strongly quasipositive. 

If aia 2 < then the link L is in case (3) in the assertion. Suppose that the core curves of 
annuli of F constitutes a (kp, kq) torus link with p > and q < 0. Using ambient isotopy 
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move in S 3 , we can assume that p < \q\. In the case where p = \q\, we set the surface 
F in the position as shown in Figure [T9], which shows that the surface is quasipositive. 
If p < \q\, we need to add more crossings, though we can check that the surface is still 
quasipositive as shown in Figure [201 This completes the proof. □ 




Figure 19. The surface F in the case (p,q) = (3, -3). 




Figure 20. The surface F in the case (p, q) = (3, -4). 



We close this section with a conjecture arising from the fact in Corollary II. 31 

Conjecture 7.1. Any non-splittable unoriented link in S 3 has at most two strongly quasi- 
positive orientations. 

Here a strongly quasipositive orientation means an orientation assigned to the unori- 
ented link such that the obtained oriented link becomes strongly quasipositive. As in 
Corollary II .3| this conjecture is true for all Seifert links in S* 3 . We will prove the same 
assertion for fibered, positively- twisted graph links in S 3 in the subsequent paper [T4] . 
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8. Cablings 

8.1. Definition of positive and negative cablings. In this section, we study a fibered 
multilink in a 3-manifold with cabling structures. Let M be an oriented, closed, smooth 
3- manifold and L(m) a fibered multilink in M. Suppose that there exists a solid torus 
N in M such that each L(m) n N is a torus multilink in N, i.e., a multilink in N lying 
on a torus parallel to the boundary dN all of whose link components have consistent 
orientations. We replace the torus multilink component of L(m) in N by its core curve S, 
extend the fiber surfaces of L(m) by the retraction of iV to S, and define the multiplicity 
of S from these fiber surfaces canonically. We denote the obtained multilink in M by 
L'(m'). Note that L'(m') is always fibered. The operation producing L(m) from L'(m') 
by attaching L(m) fl iV along S is called a cabling. 

Next we define the notion of positive and negative cablings. Let m be an oriented 
meridian on dN positively transverse to the fiber surface F of L(m) and [ an oriented 
simple closed curve on dN such that /(m, I) = 1, where /(m, I) is the algebraic intersection 
number of m and [ on dN. Each connected component of the oriented boundary of F\mtN 
on d(M \ int N) is given as 7 = um + vl, where (u, v) G Z x N are assumed to be coprime. 
Let £ be the set of longitude I such that u > 0, then there exists a longitude [ in £ such 
that u becomes minimal among them. We always use this meridian-longitude pair (m, I) 
in the discussion below. 

Now we embed N into S 3 along a trivial knot such that (m, I) becomes the preferred 
meridian-longitude pair of this trivial knot. We then add the core curve S n of S 3 \ intiV 
as an additional link component to L(m) fl iV embedded in S 3 , extend the fiber surfaces 
of L(m) by the retraction of S 3 \ int N to S n , and define the multiplicity m n of S n from 
these fiber surfaces canonically. The obtained multilink can be represented as 

Lp, q (m pq ) = (S( l, • • • , 1 , \q\,e(q)p),mxS 1 U • • ■ U m n -iS n -x U m n S n ), 

n-l 

where p > 0, 

e(q) 

and e(q) rrti > for i — 1, • • - , n— 1. These conditions are required to make the orientation 
of Lp^ q (m pq ) to be consistent with that of L(m) after the cabling operation. Actually, 
L P ,q{rn p q ) is a (p, g)-cabling along L(m), i.e., the cabling with slope qm + pl with respect 
to the meridian-longitude pair (m, [) fixed above. The fibers of Seifert fibration on d(D 2 x 
5' 1 )„ are given as H = e(q) pm n + \q\ \ n = \q\m + e(q) p I = e(q) (gm + pi) on dN. Hence 
H is positively transverse to the interiors of the fiber surfaces of L(m) if and only if 
I(H, 7) = e(q) (qv — pu) > 0, where I(H, 7) is the algebraic intersection number of H and 
7 on dN, see Figure | 




There are three cases depending on the value of -J^— = -■ 

(a) - < < ^. In this case, e(q) < and hence I(H, 7) > 0. 

(b) < J < |. In this case, I(H,j) < 0. 

(c) < s < 2 i n this case, I(H,i) > 0. 
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Figure 21. The left figure shows the fiber surface F in M \ int N and the 
right one shows L(m) fl iV in iV C S 3 . 

Here - represents the slope of the cabling, ^ is the slope of the fiber surface of L(m) and 
is the longitude l Note that we always have < - < 1. 

Definition 8.1. If ^ is in case (c) then we say that the cabling is positive. Otherwise we 
say that it is negative. 

8.2. Proof of Theorem 11.41 We first remark that (PTP) for L p q (m pq ) holds in case 
(a) and (c), but does not in case (b). So, we need an extra treatment in case (b): change 
the orientation as (p, q) i-> (—p, — (?) such that I(H,j) > and then apply the change of 
coordinates (m, Q >->■ (m, [ + /on) =: (m, I). The fiber H becomes 

H = —qm — pi = —qm — p(l — Km) = (up — q)m + (— p)l. 

We then choose k sufficiently large such that up — q > and — p < 0. In case (b), we 
always use the coefficient (—p, —q) and this meridian-longitude pair (m, Q instead of (p, q) 
and (m, I) respectively, so that it belongs to case (a). 

Lemma 8.2. Let L(m) be a fibered multilink in an oriented, closed, smooth 3-manifold 
M with a cabling in a solid torus N. Then there exists a positive contact form a on M 
with the following properties: 

(1) L(m) is compatible with the contact structure £ = kera. 

(2) On a neighborhood ofdN, a is given as a = h 2 {r)d^+hi{r)d\ such that > 

is sufficiently small, where (r, /i, A) are the coordinates of N = D 2 x S 1 chosen such 
that (r, fi) are the polar coordinates of D 2 of radius 1 and (/i, A) are the coordinates of 
dN with respect to the meridian-longitude pair (m, I), and hi and hi are real-valued 
smooth functions with parameter r G [0, 1]. 

(3) a on N is the restriction of the contact form compatible with the Seifert multilink 
L p , q {rn pq ) to S 3 \intN{S n ). 

Proof. Let L'(m') be the multilink in M before the cabling and let a' be a contact form 
obtained in Proposition 13.3} whose kernel is compatible with L'(m'). On a neighborhood 
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of dN, a' is given as 

a' = RvdfM + ^ Rii^j dX, 

as in equation (13. II) . Hence 

u -/ii(l) u -(1-Ru) 1 

w ^2(1) u -R^ -R^ 
can be sufficiently small since we can choose R > sufficiently large. 

Next we make a contact form compatible with L(m) from a' by replacing the form on 
N suitably. Let a PtQ be a positive contact form on S 3 whose kernel is compatible with the 
fibered Seifert multilink L PA {m, ) of the cabling. Let (r n ,/i n ,A n ) be the coordinates on 
(D 2 x S ,1 )„, then in a small neighborhood of dN, the gluing map of the cabling is given 
as (r, ji, A) = (2 — r n , A„, // n ). Hence, on this neighborhood, we have 

a = h 2 (r)dfi + hi(r)dX = hi(2 - r n )d^ n + h 2 (2 - r n )d\ n . 

If the cabling in N is positive then, by multiplying a positive constant to a PtQ if necessary, 
the two contact forms a' and smoothly connected as shown on the left in Figure l22l 

with keeping the positive transversality of the Reeb vector field and the interiors of the 
fiber surfaces. Remark that the contact forms a' and ot PA in the figures are given with the 
coordinates (r n , /i n , A n ), so the x-axis represents —h 2 (2—r n ) and the y-axis does hi(2—r n ). 

In the case where the cabling is negative, recall that the contact form constructed 
according to Lemma 15.31 and Proposition 15.21 depends on the choice of bi, ■ ■ ■ ,bk- Since 
r/ij < for i — 1, • • • , n — 1, we can choose for instance mi Si as the negative component 
with index i specified in Lemma 15.31 In this setting, we re-choose these fej's such that 
^ < 0, and then choose R n in Lemma l5T3l (2) sufficiently large so that the line representing 
ker a Pj q is sufficiently close to H on the xy-p\&ne. Since both H and v m n +ul n are positively 
transverse to ker a PA along <9iV, by multiplying a positive constant to if necessary, 
we can connect the contact forms a' and a PtQ smoothly as shown on the right figure in 
Figure [22J Thus we obtain the contact form required. □ 



hi(2-r n ) 
H 



a PA on K 



-4 



a' on M \ N 

cabling is positive 



a P: q on A'" 



h(2-r n ) 




7 = (v,u) 

-h 2 (2-r n ) 




-h 2 (2-r n ) 



7 = (v,u) 



a' on M \ N 



cabling is negative 



Figure 22. Connect a' and a p>q smoothly. The left figure is in the case of 
a positive cabling and the right is of a negative one. 



Proof of Theorem 1^, We use the contact structure constructed in Lemma 18.21 If £' 
is in case (1) then there exists a one-parameter family which connects £ and Hence 
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£ and £' are contactomorphic by Gray's theorem [llj. Suppose that £' is in case (2). In 
this case, each rriiSi for i — 1, - • • , n — 1 is a negative component of L Ptq (m ). Thus, 
Proposition 15.21 and Lemma 18.21 ensure that there exists a negative component which 
contains an overtwisted disk. Suppose £' is in case (3). In particular, it is in case (a). 
We will use Lemma 15.41 to detect an overtwisted disk. We assign the index i to the link 
component S\ and the index i\ to the singular fiber of the Seifert fibration other than S n . 
Since u > 0, as shown on the left in Figure 1221 we can prove Lemma E2] even if we choose 
R n sufficiently close to — — . This is important since R n is some value in — — < R n and we 
do not know at which value the overtwisted disk is detected in the proof of Lemma 15.41 
Since a io = 1, we have 1 > p + A. So, we can detect an overtwisted disk between 

(D 2 x S 1 )^ and (D 2 x S 1 )^ by Lemma [531 which is outside of (D 2 x S 1 ) n . In case (4), 
let D denote an overtwisted disk in (M, £'). Since N is chosen such that 3D fl N = 0, the 
overtwisted disk still remains in (M, £) after the cabling. □ 

Remark 8.3. If p = 1 then L(m) is ambient isotopic to L'(m'). So, the remaining cases 
are case (b) and the case where L(m) fl iV is connected, p > 2 and q = or —1. 

8.3. Cabling along fibered knots. Let II be a fibered knot in M and N(L') its small, 
compact, tubular neighborhood with the canonical meridian-longitude pair (m, I), where 
m is the boundary of a meridional disk and 1 is the oriented boundary of a fiber surface 
of V. 

Corollary 8.4. Let I! be a fibered knot in an oriented, closed, smooth 3-manifold M and 
L be the link obtained from L' by cabling a (p,q) -torus link with respect to (m, V), i.e., the 
cabling with slope qm + pi. Let £ and £' denote the contact structure on M compatible 
with L and V respectively. 

(1) If is tight and q > then £ is tight. 

(2) If is tight, q < and gcd(p, \q\) > 2 then £ is overtwisted. 

(3) If £' is tight, p>2 and q < —2 then £ is overtwisted. 

(4) If £' is overtwisted then £ is also overtwisted. 

Proof. Let L'(m') be the fibered multilink obtained from L by retracting the solid torus 
N(L') of the cabling to its core curve. Since V is a knot, the framing of the fiber surfaces 
of L'(m') is given by the boundary of a fiber surface of L'. This means (u, v) = (0, 1) 
and hence case (b) is excluded. In particular, the cabling is positive in the sense in 
Theorem 11.41 if and only if q > 0. Thus, the assertion is just a restatement of Theorem II .41 
in this special case. □ 

Remark 8.5. It is known in [2] that in the remaining case, i.e., the case where £' is tight, 
p > 2 and q = —1, the contact structure £ is tight if and only if M = S 3 and L is a trivial 
knot (cf. [13] for the case where V is a fibered knot in S 3 ). 
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